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ABSTRACT 
A generalised model based on damage mechanics for predicting the response of 
masonry subjected to compression is presented. The model accounts for the behaviour 
of the constituents of the masonry, viz., the units, the mortar and the unit-mortar 
interfaces; in this paper the unit-mortar interfaces and the mortar layers have been 
treated as a homogenised continuum. The principles of damage mechanics coupled with 
limiting damage surfaces have been used to simulate the behaviour of the masonry 
constituents. The novelty is the use of a nonlinear, progressively stiffening stress-strain 
curve to simulate the viscoelastic behaviour of the homogenised mortar - interface (for 
conventional masonry) or dry surface – interface (for dry-stack masonry) layers until a 
threshold strain is reached. Beyond the threshold strain their behaviour is assumed to 
have changed to progressive softening common for concrete like materials. The damage 
model for compression and tension due to progressive stiffening and softening criteria 
respectively have been formulated for the masonry constituents. The parameters which 
characterise the tensile and compressive behaviours, the volumetric change and the 
damage behaviour of the masonry constituents have been calibrated using some 
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available experimental data in the literature. The model is shown to predict the average 
compressive strength and stress-strain behaviour of the masonry prisms appropriately. 
The model is capable of capturing the behaviour including appropriate stiffness 
degradation and post peak softening that are comparable to the experimental predictions 
reported in the literature for various types of masonry.  
KEY WORDS: Continuum damage mechanics; Limiting damage surfaces; Masonry 
compressive strength; Progressive stiffening model; Unit-mortar interfaces; Dry surface 
interfaces. 
 
1. Introduction 
Modelling of masonry is a complex task because of its heterogeneity and variability in 
the properties of its constituents due to its high reliance on workmanship. Masonry 
consists of at least two materials, units (blocks or bricks) and mortar layers 
(cementitious/polymeric/epoxy). The units are brittle in nature; solid or hollow concrete 
blocks and fired clay bricks are the commonly used units that have mechanical 
properties similar to that of the concrete. The mortar can either be brittle or ductile 
depending on whether it is cementitious or polymeric or epoxy based; their behaviour 
when bounded and sandwiched between the units is very different to that of the mortar 
cube or cylinder specimens. The unit-mortar interface characteristics affect the 
behaviour of masonry significantly and must be included in any rational modelling 
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methods. Similarly, the dry surface – interface properties influence the overall 
behaviour of drystack masonry. Cohesion, friction and bond are some important 
properties of the interface in masonry modelling. 
Given the wide range of units and mortar materials, a comprehensive testing of masonry 
would be impractical; hence (i) Analytical models and (ii) Numerical models are 
commonly adopted.  
Analytical models are generally based on the development of relations and 
computational procedures for the masonry composites (consisting of units, mortar and 
interfaces) subjected to various loadings. Classical laws of mechanics are used to 
develop failure criteria for predicting ultimate loads and deformation characteristics of 
the masonry panels. For example, Benedetti and Steli (2008) employed basic 
mechanical relations under pre and post peak states to predict the shear response of 
masonry panels under combined axial and shear loadings. Ghiassi et al, (2012) 
employed empirical constitutive relations and failure criteria for masonry under biaxial 
stress states and developed a computational model for masonry panels under combined 
axial and in-plane shear. In some instances, analytical formulations required finite 
element solutions, especially when full wall solutions are attempted (Koksal et al, 2005; 
Najafgholipour et al, 2014). The analytical models are generally more efficient than the 
numerical methods but accurate prediction of the post peak (softening) behaviour and 
masonry strength is a challenge (Theodossopoulos and Sinha, 2013).  
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Numerical models (commonly finite element formulations) treat masonry at macro-, 
meso- and micro-scales. Macro-models generally use orthotropic damage mechanics 
laws coupled with plasticity principles (Pietruszcak and Niu, 1992; Mistler et al, 2007; 
Pela et al, 2011). Meso/Micro models are discrete models in which the masonry units, 
mortar and interfaces are modelled individually as in Portioli et al, (2014). 
Computational homogenisation technique has been used by some researchers in 
multiscale models of masonry (Massart et al, 2007; Calderini and Lagomarsino, 2008; 
Rekik and Lebon, 2012). Multiscale models require individual constitutive relations and 
homogenisation techniques so that the behaviour of masonry at a representative volume 
element level can be simulated and embedded into a finite element code for the analysis 
of full scale walls.  
Masonry under compression is examined only sparingly (Lourenco and Pina-Henriques, 
2006; Zucchini and Lourenco, 2007); the available models also over predict the 
compressive strength (relative to experiments) and hence cannot be safely used in the 
structural design. On the other hand, simplified empirical models in the design standards 
are overly conservative. Additionally, rigorous numerical modelling using the FE 
methods are time consuming. Therefore, in this research, a generalised analytical model 
that considers masonry constituents’ behaviour inspired from damage mechanics 
principles with embedded progressive stiffening model for the interfaces has been 
developed to compute the average stress-strain behaviour of different kinds of masonry 
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including dry stack masonry under compression. The developed model requires only the 
properties of the constituents and predicts strength of masonry and complete stress-
strain behaviour under compression conservatively and efficiently with reasonable 
precision. 
This paper is structured as follows: The general behaviour of the masonry constituents 
and the behaviour of masonry under compression are described in Section 2. The 
damage constitutive model formulation is contained in Section 3. The details of 
calibration of damage parameters for masonry units and mortar are reported in Section 
4. A computational algorithm is formulated in Section 5. The predictions from the 
algorithm are compared with experimental results in Section 6. Sensitivity of the 
progressive stiffening model for mortared and drystack masonry is reported in Section 
7. Conclusions are included in Section 8. 
 
2. The behaviour of masonry and its constituents under compression 
The compressive stress-strain response of masonry constituents (units and mortar) is 
parabolic and quite similar to concrete as schematically represented in Figure 1(a). 
However, when mortar is placed as a binder between the units, its behaviour is affected 
by the bond and the unit-mortar interface characteristics. 
Some researchers have observed a nonlinear progressive stiffening response of mortar 
under compression until a threshold strain in their experiments (Ozhan and Cagatay, 
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2014; Miccoli et al, 2014). Dry surface-interfaces of the drystack masonry show more 
pronounced non-linear progressive stiffening until a larger threshold strain in 
comparison to conventional mortar-interface (Jaafar et al, 2006 and Andreev et al, 
2012). The reason for this prolonged progressive stiffening is attributed to the crushing 
of interstices, closing of voids and gaps in the dry interfaces. Therefore, in this study, 
the combined mortar layer and the unit-mortar interfaces and the dry surface-interfaces 
are considered to possess nonlinear progressive stiffening behaviour until a threshold 
strain (the magnitude of the threshold strain is assumed to vary depending on the 
presence or the absence of mortar layers) is reached as schematised in Figure 1(b).  
Conceptual damage evolution for the progressive softening and stiffening models is 
shown in Figure 2(a). Under progressive softening, micro-cracks form due to lateral 
tensile strains along axes 2 and 3 and coalesce with the increase in compression along 
axis 1 until failure. Damage due to compression is neglected. Damage evolution in the 
progressive softening stage is detailed in Section 3.3.  
On the other hand, under progressive stiffening, only damage due to compression along 
axis 1 is considered. The compression damage occurs due to collapse of pores in the 
mortar and interstices in the interface under compressive strains in the major loading 
direction 1 and the existing interstices (gaps/voids) are decreased as schematised in 
Figure 2(b). It is assumed that during interstices crushing in direction 1, no damage 
occurs in the other two directions (axis 2 and 3) of both the mortar-interface layer and 
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the units; once the interstices are fully collapsed in direction 1, the progressive softening 
behaviour is resumed and the damage is ascertained in the units, the mortar-interface or 
the dry interface through the energy release limiting surfaces along the directions 2 and 
3 as described in Section 3.3. 
The novelty of this paper is that it considers the interstices in the unit-mortar interfaces 
and the dry interfaces are progressively decreased from an initial prescribed limit and 
vanish corresponding to a threshold strain and thus are responsible for nonlinear 
progressive stiffening. The description of damage evolution due to compression damage 
in the progressive stiffening phase is given in Section 3.4. 
When masonry as a composite is subjected to compression, the bond between the mortar 
and the units induces a stress state in which the units experience biaxial lateral tension-
compression while the sandwiched mortared layers undergo triaxial compression or 
confined compression as studied by many researchers in generalised plane states 
(Anthoine, 1995) and in compression (Zucchini and Lourenco, 2007; McNary and 
Abrams, 1985) as schematised in Figure 3(a). For this reason the constituents should be 
considered subject to multiaxial stress states. Drystack masonry behaviour is affected by 
closing of the interstices in the joint and in the absence of mortar uniaxial stresses are 
developed (see Figure 3b). 
Masonry strength increases with the reduction in the thickness of mortar joints since the 
incongruity between the masonry units and mortar layers decreases (Thamboo et al., 
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2013). Further higher bond reduces the lateral strain in mortar layers and hence on the 
units. In order to simulate this behaviour, a damage constitutive model with triaxial 
stiffness matrix has been detailed with calibration of damage parameters for units and 
combined mortar and unit-mortar interfaces under triaxial stress states with varying 
mortar thickness. The details of damage stiffness matrix and calibration of parameters 
can be seen in Section 3 and Section 4 respectively. 
 
3. Damage model formulation for masonry constituents 
Continuum damage theory can be a suitable representation of quasi-brittle materials 
since the onset of micro-cracking and voids nucleation cause significant reduction in the 
stiffness (Kachanov, 1986; Lemaitre, 1992; Krajcinovic, 1996).  
3.1 Effective damage moduli  
In continuum damage mechanics theory (Besson et al, 2010), the effective state 
variables associated with the pseudo-undamaged state can be defined based on the strain 
equivalence, stress equivalence, elastic energy equivalence or the total energy 
equivalence assumptions. In this paper, the strain equivalence assumption is adopted for 
the damaged elastic continuum, the effective state variables )~,~( ij
e
ij  are related to their 
respective classical state counterparts ),( ij
e
ij  by:  
         





1
~ ij
ij
     and e
ij
e
ij  
~                          (1) 
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In which  10 is the scalar variable associated with the isotropic damage and 
which verify 0  if there is no damage and 1 if the material is fully damaged 
(final fracture). 
From Eq (1), the effective young's modulus can be easily extracted:  
          )1(
~
 EE          (2) 
For anisotropic damage, the damage can be represented by a symmetric second-rank 
tensor ij  and a symmetrised fourth-rank damage effect tensor )( ijijklM  can be used to 
extend to the anisotropic case the mapping of Eq. (1) (see for example: Krajcinovic, 
1996; Besson et al, 2010; Murakami, 2012). 
In the principal coordinate system (where shear strains and stresses vanish), for 
undamaged isotropic materials, linear elastic constitutive relationship can be expressed 
as:  
     
e
jiji D             (3) 
Where ijD  is the stiffness matrix of the material and is represented as: 
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in which oE the initial elastic modulus and  is the Poisson’s ratio for the undamaged 
material. Whereas for damaged material constitutive equation may be expressed as:
    
e
jije
i
i
e
i
i D 



~),(



              (5) 
Where,  is the strain energy of the damaged material and ijD
~
is the effective damage 
stiffness of the damaged material in the principal coordinate system. The strain energy 
of a damaged material can be expressed as: 
    
2~
2
1
),( ejiji
e
i D                (6) 
Damage growth/evolution is traced by fracture energy release rate or energy released 
from the crack as: 
    ),( i
e
i
i
iR 




           (7) 
where 3,2,1, ii are the principal damage components which describe the total amount 
of damage (in terms of cracks and voids) occurring along each principal direction as a 
function of strain in that direction. Also,  is the incremental strain energy density and 
 is the mass density; iR  increases with damage growth and loading until it reaches a 
critical value at the onset of failure. 
In this study, the elastic properties matrix of the damaged material as shown in Eq. (8), 
based on phenomenological aspects, in principal coordinate system for quasi brittle 
11 
 
materials proposed by Khan et al, 2007 has been used to simulate the behaviour of the 
masonry constituents using strain control method. 
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     (8b) 
This stiffness matrix is defined in terms of strain with the inherent assumption that the 
principal axes of stress coincide with the respective directions of the principal strains. 
The parameters used  (for tension state),  (for compression state) and  (for 
volumetric dilatation) are calibrated in this study for a range of units and mortar 
properties. Details of calibration of these parameters could be seen in Section 4. 
3.2 Nonlinear progressive stiffening model  
Commonly, mortar used to join the masonry units together has lesser strength and 
stiffness than the units themselves. A non-linear progressive stiffening behaviour in the 
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beginning of compression loading regime for weak cement mortars, earthen mortars and 
dry surface interface is a significant observation (Jaafar et al, 2006; Andreev et al, 2012; 
Ozhan and Cagatay, 2014; Miccoli et al, 2014). In this study, the unit-mortar interface 
and the dry surface-interface are assumed to exhibit non-linear progressive stiffening as 
shown in Figure 1(b). 
The stress-strain behaviour of hyperelastic materials such as sponges can be regarded 
similar to the initial part of stress-strain curve of the unit-mortar interface and the dry 
surface-interface (Figure 1b). Sponge is a compressible material and it undergoes 
progressive stiffening until it is fully densified. The simplest scalar model proposed by 
Swyngedau et al. (1991a) was adopted in this research (Eq. 9).  
            
2
3
1
C
e
e
C
C 









                (9) 
Where, 
C1 = Stress scale factor 
C2 = Power for prominence of “shoulder” in the sigmoid stress-strain curve, when C2 ≤ 
1, no shoulder 
C3 = Densification strain for sponge 
The above mentioned constants were modified to fit for unit-mortar interface and dry 
surface-interface. The value of C3 was set as 0.0045 for mortared masonry and 0.007 for 
dry stack masonry, which was assumed to be the crushing strain of the joints. For power 
C2, a value of 2.25 was selected to have a sufficient shoulder of convex curve 
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representing the progressive stiffening behaviour of masonry joints until the strain 
reaches a threshold strain (maximum 0.0005) for those examples that refer to traditional 
masonry containing mortar; the threshold strain is re-calibrated for drystack masonry as 
maximum of 0.003   The threshold strain varies for different cases due to its dependence 
on initial prescribed value of interstices in the interface. The progressive stiffening 
model prevails until the interstices vanish under compressive loads (as shown in Figure 
2b). The initial interstices are input as a dimensionless number  maxIns  representing the 
ratio of void area to the total area. The reduction of interstices in the interface is 
determined by subtracting the damage   until it becomes zero   maxInsIns . 
Section 3.4 describes the evolution of damage for interstices crushing. 
The constant C1 was derived in terms of effective elastic modulus of mortar to increase 
its applicability for different kinds of mortars using Eq. (9) using the value of the 
maximum threshold strain. The stress () was determined from the effective elastic 
modulus of mortar. The threshold strain () was set as 0.0005 for mortared masonry; at 
which the progressive stiffening behaviour was assumed to be diminished. Parameter C1 
is defined as: 
      105.01 moEC              (10) 
where  1moE is the effective elastic modulus of damaged mortar-interface 
analogous to the effective damage modulus discussed in Section 3.1, in which, 
moE is 
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the initial elastic modulus of mortar,  is a parameter that characterise the compression 
state and  is  the scalar damage occurring in the direction of loading due to collapsing 
of interstices in the interface. 
The final form of the calibrated progressive stiffening model of the unit-mortar 
interfaces for a range of strain from zero to threshold in the principal direction 1 of 
loading (along which the energy dissipation and joint closure is considered) is given as:
    
25.2
0045.0
105.0 







e
e
moE


            (11)  
Eq. (11) is modified for dry stack masonry with the calibrated parameters as described 
before and is given in Eq. (12). Initial modulus of mortar could be replaced with initial 
modulus of units uoE in the case of dry stack masonry.  
 
25.2
007.0
1006.0 







e
e
uoE


              (12)  
Eq. (11) and Eq. (12) ensure smooth transition between the progressively stiffening and 
the progressively softening models at the threshold strain.  
 
3.3 Limiting damage surfaces and damage evolution for progressive softening model 
Limiting damage surfaces in terms of strain energy release space proposed by Suaris et 
al, 1990 are defined to represent damage growth due to tensile strains. The fundamental 
surfaces are: (a) fo: the damage threshold surface below which material remains elastic 
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and undamaged, (b) F: the final damage surface beyond which no increase in stress is 
possible and (c) f: a loading function surface which shows the current loading state. 
Figure 4 shows these three limiting surfaces in the energy release rate space. Each 
surface is associated with a specific single value of energy release rate and this 
constitutes to circular shape of the limiting surfaces.  
The final damage surface is obtained by applying a mapping rule to the loading surface. 
The damage growth rate is defined as a function of the distance between a point on the 
loading surface and the corresponding image point on the final damage surface. For the 
states of uniaxial compression or compression-biaxial tension in units and unequal 
triaxial compression in combined mortar-interface with the maximum compression 
along the axis (R1), two damage components exist along the axes R2 and R3 because of 
the lateral tensile strains. The resultant energy release path is assumed at 45
o
 in the R2–
R3 plane.  
The onset of damage (micro-cracking) is defined using the damage threshold surface of  
with a parameter Ro. This parameter is set as the initial energy release rate at the onset of 
damage (usually at about 30% to 40% of the peak stress). The resultant energy release 
rate vector RR is determined at each incremental strain. At damage threshold surface, the 
resultant RR is identically equal to Ro as shown in Eq. (13). For values of the resultant 
energy release rate less than Ro, damage is assumed to be null. 
0 oRo RRf                                    (13) 
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Similarly, the final damage surface F is associated with a parameter 𝑅𝑐 - the critical 
energy release rate at failure is calibrated to the standard uniaxial compression test. This 
surface is demarcated by the value of resultant energy release rate RR equal to 𝑅𝑐  as 
shown in Eq. (14). 
                                                       0 cR RRF                                                      (14) 
A loading surface f is defined by a mapping parameter Rc RRb   (Ratio of critical 
energy release rate and the resultant energy release rate at any instant). The mapping 
parameter b ranges from  to a limiting value of 1 with the growth of the loading 
surface until it coincides with the final damage surface. 
                                                    0/  bRRf cR                                             (15) 
Damage is assumed to accumulate at levels of strain energy release rate resulting in the 
loading surface f crossing the damage threshold surface 𝑓𝑜 and rupture is said to occur 
when f grows large enough to merge with the final damage surface F fixed in the 
𝑅𝑖 space.  
The damage growth is determined from the loading surface f = 0 where the damage 
increment vector is assumed to be in the direction of the slope of the loading surface. 
Therefore, the principal damage components may be written as in Eq. (16): 
i
i
dR
df
dd                       (16) 
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in which d  is the Lagrange multiplier (or the damage multiplier) analogues to the 
plastic multiplier defined by the consistency condition in the associated theory of 
plasticity. An expression of d  is derived from the equation of loading surface f, Eq. 
(15) with bRkk cP /)(   as given below: 
0)()(),( 2/1  Piii kRRkRf                 (17) 
where, P is the norm of the accumulated damage and whose increment is defined by 
  2/1iiP ddd                      (18) 
Using the consistency condition ddff  0,0  
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
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 Using the values from Eq. (16), Eq. (20) and Eq. (21), Eq. (19) is expanded to Eq. (22).
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From Eq. (17),      
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Therefore,  
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Similarly Eq. (17) also implies:  
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Solving Eq. (22) for d  after submitting the values from Eq. (24) and Eq. (25): 
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Where H
k
P




 is the damage modulus, thus Eq. (26) implies:   
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The damage modulus H can be expressed as a function of the distance between the 
loading and the final damage surface (Suaris et al, 1990; Baluch et al, 2003), given by
    




in
K
H                          (28) 
Where, K  is a constant which controls the damage growth and softening phase of 
material response in the stress-strain space. The value of K  was calibrated against 
different peak strengths and it was found that 2.65 fits most of the curves and same was 
also suggested in Suaris et al, 1990. Macaulay brackets < > are used to set the quantity 
within it to vanish if the value is negative. The normalised distance   between the 
loading and the bounding surfaces is given by 
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b
1
1                                    (29) 
in  in Figure 4 corresponds to Ro when the loading surface first crosses the damage 
threshold surface. At every strain increment iR  is quantified and compared with the 
limits until reaching failure. The incremental stress-strain relation based on the damage 
increment is given as: 
   0
~
~



 j
e
j
k
ike
jiji d
D
dDd 

      (30) 
3.4 Damage evolution criteria in progressive stiffening model 
During progressive stiffening phase, energy is assumed to be dissipated due to 
interstices collapse under compressive strains developed along the principal axis 1 (as 
shown in Figure 5). The energy release rate along axis 1 (R1) is computed from the 
strain energy density of the mortar-interface and dry surface-interface using the relation 
shown in Eq. (7). The final form of energy release due to compression is given in Eq. 
(31). The developed stress-strain relations of mortar-interface shown in Eq. 11 
(conventional masonry) or dry surface-interface in Eq. 12 (dry stack masonry) were 
used to determine the strain energy. 
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Where, 025.0)( Const  for conventional masonry and 0.003 for dry stack masonry and  
0045.02 C  for conventional masonry and 0.007 for dry stack masonry. 
The damage   is traced by a loading function sf  in terms of the current energy released
1R , the maximum energy released max,1R  at the threshold strain and the mapping 
parameter 𝑎 as given in Eq. (32). 
           0/max,11  aRRfs                                            (32) 
The maximum energy released is computed through Eq. 31 for a known threshold strain 
and input properties of the material. The mapping parameter 1max,1 / RRa  is the ratio 
of maximum energy released rate at the known threshold strain and the current energy 
release rate at any instant of loading. The mapping parameter ‘a’ decreases with the 
increase in energy released until it coincides with the maximum energy released max,1R  at 
the given threshold strain. The incremental form of damage is shown as:  
      
1dR
df
dd s                        (33) 
Where, d  is determined using Eq. (27).  The damage modulus H in Eq. (27) in the 
progressive stiffening phase is a function of the distance between the loading point with 
current energy released 1R   and the maximum energy released max,1R  as shown in Figure 
5. 
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 Beyond the threshold strain, after closing of interstices in direction 1, the progressive 
softening model is resumed as shown in Figure 5. 
 
4. Determination of damage model parameters for constituents 
The parameters of the damage stiffness matrix shown in Eq. (8) are essential for the 
damage model of the constituents. Five parameters  ,,,, co RR were calibrated for 
masonry units and mortar interfaces separately. A range of compressive strength, elastic 
modulus and Poisson’s ratio of the masonry components were used for calibrating these 
parameters. Moreover, to avoid restriction of the model predictions to a particular set of 
data, general relations in terms of strength and elastic modulus of the constituents were 
developed for these parameters using multivariate regression technique. The 
experimental data used and the regression process are presented in the following 
subsections. 
4.1 Data used for regression of parameters 
Table 1 contains a list of properties of the constituents used for the calibration of 
damage parameters. Some data that could not be found in the literature were determined 
using common relations (for example, tensile strength is 10% of compressive strength) 
or assumed (for example, Poisson’s ratio is 0.2) as shown in the Table 1.    
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Table 1: Properties of masonry constituents used for parameters regression 
Unit Properties   Mortar Properties 
Reference 
fuc Euo u fut
** 
 Reference 
fmc Emo m fmt
** 
(MPa) (MPa)   (MPa)   (MPa) (MPa)   (MPa) 
Thamboo et al 
(2013) 
12.47 10000 0.18* 1.25   Thamboo et al 
(2013) 
3.59 3500 0.25 0.36 
Andolfato et al 
(2004) 
9.17 10880  0.18 0.92  Andolfato et 
al (2004) 
4.90 6000 0.2 0.49 
Andolfato et al 
(2004) 
13.38 10360 0.18* 1.34  Andolfato et 
al (2004) 
4.90 6000 0.2* 0.49 
Barbosa et al 
(2010) 
11.20 8120* 0.18* 1.12  Barbosa et al 
(2010) 
7.70 8121 0.2* 0.77 
Barbosa et al 
(2010) 
13.70 9932* 0.18* 1.37  Barbosa et al 
(2010) 
9.40 9745 0.2* 0.94 
Barbosa et al 
(2010) 
15.00 10875* 0.18* 1.50  Barbosa et al 
(2010) 
15.50 13195 0.2* 1.55 
Barbosa et al 
(2010) 
21.80 15805* 0.18* 2.18  Barbosa et al 
(2010) 
22.20 16672 0.2* 2.22 
Brencich and 
Gambarotta 
(2005) 
19.90 2600 0.07 1.99  Brencich and 
Gambarotta 
(2005) 
11.39 335 0.2* 1.14 
Das et al. (2013) 28.60 20735* 0.18* 2.86  Das et al. 
(2013) 
21.00 13000* 0.2* 2.10 
Izquierdo et al. 
(2012) 
11.16 8091* 0.18* 1.12  Izquierdo et 
al. (2012) 
6.50 4000 0.2* 0.65 
Mohamad et al. 
(2007) 
18.20 13195* 0.18* 1.82  Mohamad et 
al. (2007) 
2.29 2042 0.2* 0.23 
Ramamurthy et 
al. (2000) 
6.74 4886* 0.18* 0.67  Mohamad et 
al. (2007) 
4.20 4033 0.2* 0.42 
Ramamurthy et 
al. (2000) 
13.48 9773* 0.18* 1.35  Mohamad et 
al. (2007) 
8.63 6409 0.2* 0.86 
Ramamurthy et 
al. (2000) 
17.56 12731* 0.18* 1.76  Mohamad et 
al. (2007) 
19.90 11230 0.2* 1.99 
Ramamurthy et 
al. (2000) 
19.75 14319* 0.18* 1.98  Ramamurthy 
et al. (2000) 
5.00* 3000* 0.2* 0.50 
* Assumed value          
** Tensile strength was assumed 10% of compressive strength       
 
The parameters α (tension parameter) and β (compression parameter) are affected by the 
stress ratios since these are dependent on the stress paths. The parameter γ which is used 
to simulate dilatation is path independent and thus only required to be calibrated for 
uniaxial compression stress path.  
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Further the state of stress in these materials was assumed to be affected by the thickness 
of the mortar joint. For this purpose, four joint thicknesses and corresponding triaxial 
stress ratios were considered for units and mortar (Table 2). For the selection of 
confinement ratios of mortar and biaxial tension-compression ratios of units and the 
expected peak strengths corresponding to each stress ratio, the experimental studies of 
McNary and Abrams (1985) were closely followed. To simulate the strength variation 
due to changes in joint thickness; a range of stress ratios for biaxial tension-compression 
stress state has been selected; similarly, for increasing confinement in mortar joint, 
gradual increase in the triaxial confinement stress ratios has been assumed as shown in 
Table 2. 
Table 2: Stress paths used for triaxial stress states of units and mortar 
Joint 
Thickness 
Stress ratios for Units  Stress ratios for mortar 
1/1 2/1 3/1 Peak Strength  1/1 2/1 3/1 Peak Strength
≥ 10 mm -1 0.2 0.2 
 
0.7 fuc  -1 0 0 
 
fmc 
≥   4 mm -1 0.1 0.1 
 
0.75 fuc  -1 -0.02 -0.02 
 
1.2 fmc 
≥   2 mm -1 0.07 0.07 0.8 fuc  -1 -0.04 -0.04 
 
1.5 fmc 
<   2 mm -1 0.05 0.05 0.9 fuc  -1 -0.06 -0.06 1.7 fmc 
 
4.2 Evaluation of Ro 
The parameter Ro defines the initiation of cracking and hence it defines the initial size of 
the damage threshold surface 0f . The microcracks were assumed to commence at 
30% of compressive strength of masonry composite (Ozhan and Cagatay, 2014). The 
form of this parameter was derived in the form of 30% of compressive strength fc at 
which damage was assumed to start occurring in the form of micro-cracks. Eq. (13) 
represents the damage initiation. This equation implies: 
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Ro RR                   (35) 
The resultant energy release rate vector 𝑅𝑅 was found for the uniaxial compression case 
using Eq. (6), Eq. (7) and Eq. (8). By substituting the parameters in the elastic properties 
matrix for the case of uniaxial compression in terms of applied stress in Eq. (6) of strain 
energy the complementary energy function of the stresses can be determined using (36):
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  (α = 0 for uniaxial compression)      (36) 
Differentiating (36) with respect to i  and substituting into (7), yields 
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From symmetry,   32 and 01   (by virtue of Eq. (37a). Thus, 
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RR                                       (38) 
Using Eq. (38), the resultant energy release vector in Eq. (35) with the values of stress 
and , will yield an expression for Ro given in Eq. (39). 
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Where, 
 c  corresponding to uniaxial compressive strength (See Section 4.4 for details)  
ucc ff   (for units compressive strength) and mcc ff  (for mortar compressive strength) 
uoo EE   (for units elastic modulus) and moo EE   (for mortar elastic modulus) 
4.3 Evaluation of Rc 
The parameter cR  is the critical strain energy release rate and is the magnitude of the 
energy release rate vector when the loading surface f reaches the final damage surface F 
(Figure 4). The damage growth is governed by this factor. It also characterises the 
failure in the material. In this study, cR  was derived in terms of crushing strain and 
maximum damage parameter using Eq. (14) which implies: 
cR RR                   (40) 
For the case of uniaxial compression, the stress-strain relationship from Eq. (8) is: 
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Exploiting symmetry,   32 and 01  , yields 
    41 oE                          (42) 
Substituting σ in Eq. (38), energy release rate becomes 
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  2332 1   oERR                       (43) 
The resultant energy release rate in Eq. (40) is found by its components in Eq. (43) as, 
     2312  cocc ER                         (44) 
Where, 
 c  corresponding to uniaxial compressive strength (See Section 4.4 for details)  
ω = Maximum damage of the material  
uoo EE   (for units elastic modulus) and moo EE   (for mortar elastic modulus) 
ε = Crushing strain of the material 
4.4 Evaluation of α, β and γ 
The behaviour of units and mortar of varying strengths is simulated through different 
values of α and β. The parameter γ accounts for volumetric change in the material. In 
order to prevent the parameters to be restricted to a particular set of data, polynomial 
relations of these parameters in terms of strength, elastic modulus and strain invariants 
were derived for each constituent by using multivariate regression method.  
For uniaxial stress paths, the parameters α, β, and γ were found as functions of initial 
modulus of elasticity oE  uniaxial compressive strength fc and uniaxial tensile strength ft. 
The suggested polynomials for these parameters under uniaxial stress states are shown 
in Eq. (45) to Eq. (47). This form of polynomials to determine the damage parameters 
proposed by Khan et al, 2007 was slightly modified from the original and was found to 
be fitting most of the experimental data well.  
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For uniaxial tension: 𝛼 =  ?̅? and for uniaxial compression, 𝛽 =  ?̅?. 
?̅?  = 𝛼𝑜̅̅ ̅  +  𝛼1̅̅ ̅ × 𝑓𝑡 + 𝛼2̅̅ ̅ × 𝐸𝑜 + 𝛼3̅̅ ̅ × 𝐸𝑜 × 𝑓𝑡                           (45) 
?̅?  = 𝛽𝑜̅̅ ̅  +  𝛽1̅̅ ̅ × 𝑓𝑐 + 𝛽2̅̅ ̅ × 𝐸𝑜 + 𝛽3̅̅ ̅ × 𝐸𝑜 × 𝑓𝑐                   (46) 
𝛾 = 𝛾𝑜 + 𝛾1 × 𝑓𝑐 + 𝛾2 × 𝐸𝑜 + 𝛾3 × 𝐸𝑜 × 𝑓𝑐                                         (47) 
Where, 
tf  – Tensile strength of the material = utf  for units and mtf  for mortar. 
cf  – Compressive strength of the material = ucf  for units and mcf  for mortar. 
oE  – Initial tangent modulus of the material (same in tension and compression) = uoE  
for units and moE for mortar. 
?̅?𝑖 , ?̅?𝑖 ,𝛾𝑖   (𝑖 = 0,1,2,3) - Coefficients of the polynomials to be found by regression 
analysis. 
For multiaxial stress paths, along with strength and elastic modulus, normalised strain 
invariants (I1/3) and (J’2/e3
2
) were also used to carry out the regression and for deriving 
polynomials; where I1=ii is the first invariant of strain tensor and   ijijeeJ 212   is the 
second invariant of the deviatoric strain tensor. Here ε3 and e3 represent the minor 
principal and deviatoric strain, respectively. The suggested polynomial relations for α 
and β are shown in Eq. (48) to Eq. (51).  
- For biaxial tension-compression stress state:  
𝛼 = 𝛼𝑜(𝑓𝑡, 𝐸𝑜) + 𝛼1(𝑓𝑡, 𝐸𝑜) ×
𝐼1
𝜀3
+ 𝛼2(𝑓𝑡, 𝐸𝑜) ×
𝐽2′
𝑒3
2 + 𝛼3(𝑓𝑡, 𝐸𝑜) ×
𝐼1
𝜀3
×
𝐽2′
𝑒3
2               (48) 
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- For triaxial compression stress state:  
𝛽 = 𝛽𝑜(𝑓𝑐, 𝐸𝑜) + 𝛽1(𝑓𝑐, 𝐸𝑜) ×
𝐼1
𝜀3
+ 𝛽2(𝑓𝑐, 𝐸𝑜) ×
𝐽2′
𝑒3
2 + 𝛽3(𝑓𝑐, 𝐸𝑜) ×
𝐼1
𝜀3
×
𝐽2′
𝑒3
2                (49) 
Where,  
𝛼𝑖 = 𝛼𝑖1  +  𝛼𝑖2 × 𝑓𝑡 + 𝛼𝑖3 × 𝐸𝑜 + 𝛼𝑖4 × 𝐸𝑜 × 𝑓𝑡  (𝑖 = 0,1,2,3)                 (50) 
𝛽𝑖 = 𝛽𝑖1  +  𝛽𝑖2 × 𝑓𝑐 + 𝛽𝑖3 × 𝐸𝑜 + 𝛽𝑖4 × 𝐸𝑜 × 𝑓𝑐  (𝑖 = 0,1,2,3)                 (51) 
𝛼𝑖𝑗, 𝛽𝑖𝑗 (i=0,1,2,3), (j = 1,2,3,4) are coefficients of the polynomials which are found for 
the corresponding peak strengths, elastic modulus and the considered stress ratios by 
using multivariate regression method.   
In order to find the polynomials coefficients, regression was carried out in two phases as 
shown in Figure 6. In the first phase, for uniaxial stress paths, for a particular value of 
tc ff ,  and oE , the parameters ?̅? and ?̅?  were determined such that it matched the peak 
stress using the data shown in Table 1. Trial and error method was used for this purpose. 
The damage stiffness matrix with limiting surfaces relations described in Section 3 were 
used to simulate the stress-strain response. The parameter γ was found for uniaxial 
compression case by computing the volumetric strain, 𝜀𝑣 = 𝜀1 + 𝜀2 + 𝜀3. Again by 
trial and error, the value of γ for which the volumetric strain showed dilatation (negative 
value) was chosen. Finally the computed data containing values of ?̅?, ?̅? and γ was 
regressed against the values of tc ff , and oE to obtain the coefficients ?̅?𝑖 , ?̅?𝑖 ,𝛾𝑖  of the 
polynomials. 
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In the second phase, for triaxial stress paths, the data shown in Table 2 was used. The 
parameters α (Biaxial tension-compression) and β (triaxial compression) were found by 
trial and error for each listed stress ratio to give the corresponding peak stress for all the 
strengths listed in Table 1. The values were then regressed against the strain invariants 
(I1/3) and (J’2/e3
2
) computed for the selected stress ratios to find out αo, α1, α2, α3 or βo, 
β1, β2, β3 for each listed strength ( cf  or tf ). The final coefficients αi1, αi2, αi3, αi4 or βi1, 
βi2, βi3, βi4 were found by regressing the computed values of αo, α1, α2, α3 or βo, β1, β2, β3 
against the values of tc ff , and oE  (see Figure 6). These parameters are sensitive to the 
unit of measurement (must be MPa) and are given in Appendix A. 
 
5. Computational algorithm  
The stress-strain behaviour of masonry prisms was computed by incorporating the 
damage constitutive model calibrated for masonry units and combined mortar and unit-
mortar interface/dry surface-interface into a computational algorithm. A FORTRAN 
code was developed for strain controlled computation of the damage of the constituents 
from which the mean strength of tri-stacked masonry prisms are determined. The 
algorithm of the code is shown in Figure 7. Input parameters were the uniaxial 
compressive strength, the elastic modulus, the Poisson’s ratio of the units and the 
mortar, the thickness of mortar joint, the height, net area and bedded area of the units 
and the initial interstices parameter. This material model considers masonry as a 
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composite and computes the average properties of the masonry through an algorithm 
shown in Figure 7 which is based on the weighted average stress of the constituents. At 
each strain increment, in a loop, step by step computations were performed for masonry 
units and combined mortar and unit-mortar interfaces/dry interfaces. The stresses were 
determined in both masonry constituents (separately) using the developed progressive 
softening and stiffening models. The weighted average stress over the height of the 
specimen was determined using the stress in the unit for its height and ratio of the width 
of the face shells to the width of the bed joint (for solid blocks, this ratio is 1.0) and the 
mortar stress for its thickness at each strain increment to determine the average stress in 
the masonry composite. 
During the progressive stiffening phase, the joints were strained more than the units and 
hence relatively more energy was released from the joints. When the initial interstices 
are crushed the model is switched to the progressive softening model and strain 
compatibility is maintained. A step-by-step illustration of the code is provided in the 
Appendix B. 
 
6.  Validation of model predictions with experimental results 
The developed computational code was validated by comparing its predicted 
compressive stress-strain curves with the available experimental curves for mortared 
and dry stack masonry. 
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6.1 Validation for mortared masonry  
The developed interface progressive stiffening model for the mortared masonry and the 
damage model were employed to simulate the mortared masonry stress-strain 
relationship and validated with some experimental curves. 
Thamboo et al. (2013) tested prisms under compression made from hollow concrete 
blocks of dimensions 390 × 90 × 90 mm using conventional and polymer mortar. The 
strength of the blocks used was 12.47 MPa with elasticity modulus of 10,000 MPa, 
whereas the strength of the mortar was 3.59 MPa with Young’s modulus of 3500 MPa. 
These data were used in the developed computational model to generate the stress strain 
curves of prisms with conventional 10 mm thick joints. The predicted results are plotted 
in Figure 8 along with the experimental data. The model prediction agrees well with the 
experimental curves. 
The model comparison with the polymer mortar (2mm thick mortar layer) specimens is 
shown in Figure 9. From Figure 9, it is obvious that the present model could be used for 
the prediction of the behaviour of the polymer mortar masonry as well. 
The analytical model was also validated using the experimental stress strain curves of 
Barbosa et al. (2010) where the authors used hollow concrete blocks of size 390 ×190 × 
140 mm and strengths of 11.2, 13.7, 15.0 and 21.8 MPa (average ~15MPa). The average 
strength was used in the analytical model. The mortar strengths used were 7.7, 9.4, 15.5 
and 22.2 MPa with the average of about 13.7 MPa. The model was run for the 
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conventional mortar thickness of 10 mm and the average block and mortar strength as 
indicated. The results are depicted in Figure 10. The slope and trend of the curves are 
matching well and in good agreement with the experimental values. 
Figure 11 shows the comparison of model results with the experimental results of 
Mohamad et al. (2007). They tested hollow concrete block prisms with different 
strength mortar layers. The strength of the block used was 18.2 MPa and the size was 
390×190×140 mm. The mortar strengths used were 2.29, 4.2, 8.63 and 19.9 MPa. The 
average mortar strength (8.75 MPa) was used along with 10 mm joint thickness and 
other data mentioned above to find the average stress strain behaviour of masonry 
prisms. The model result agrees quite well with the experimental curve.  
6.2 Validation for dry stack masonry 
The developed progressive stiffening model for dry interfaces and the damage model 
were used to simulate the behaviour of dry stack masonry and the results were validated 
with some available experimental results. 
Figure 12 shows the prediction of the present model; the experimental stress-strain 
curves of Jaafar et al. (2006) are also shown in the figure. The strength of the 
interlocking hollow concrete blocks was 23.4 MPa. It can be observed that the results 
with progressive stiffening model compare well with the experimental curves. 
Moreover, the model is also able to capture the peak and post-peak response until 
failure. 
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The model was also examined using the experimental results of Andreev et al. (2012), 
who tested ceramic refractory interior lining bricks made of magnesia chromite of 
compressive strength of 45 MPa. Analyses were run with two 45 MPa units and one dry 
interface. The predicted stress-strain relationship of the dry stack prisms is shown in 
Figure 13; the experimental curves are also presented. From the results, it can be 
concluded that the developed progressive stiffening model is essential to represent the 
dry interfaces and the overall behaviour of drystack masonry effectively. 
 
7. Sensitivity of the progressive stiffening model 
The analytical model formulated in this paper contains a progressively stiffening stress-
strain relationship until a threshold strain for the combined mortar and mortar-unit 
interface layer. Although the model is shown capable of reproducing several 
experimental results reported in the literature (Section 6), it is not clearly shown how 
effective the inclusion of the progressive stiffening characteristics to the overall 
behaviour of masonry under compression. Sensitivity of the progressive stiffening 
characteristics was, therefore, examined. For this purpose, the model developed was 
compared with a modified model where the threshold strain (See Figure 1b) was set to 
zero (thereby completely eliminating the progressive stiffening characteristics for the 
combined mortar and the mortar-unit interface layer). The sensitivity of the progressive 
stiffening is shown with reference to drystack and mortared masonry systems. 
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7.1 Sensitivity for drystack masonry 
The nonlinear progressive stiffening is a prominent behaviour of dry interfaces in 
drystack masonry subjected to compression. The initial gap between the units decreases 
progressively until the complete joint closure under compressive load. Some researchers 
have studied experimentally the relationship between stress and strains in the proximity 
of dry interfaces within a narrow gauge length under compressive loads (Jaafar et al., 
2006; Andreev et al., 2012). The progressive stiffening model which was developed in 
this study for combined mortar and unit-mortar interfaces was used to simulate the non-
linear progressive stiffening behaviour of dry joints by setting the thickness of dry joints 
a small value (0.2 mm).  
To study the effectiveness of the progressive stiffening model, the FORTRAN code 
(Figure 7) was also run without progressive stiffening model of dry interfaces; in that 
case only the units were strained during analysis. Unit strengths (𝑓𝑢𝑐) were selected as 5 
MPa, 10 MPa and 20 MPa and the dry interface thickness was kept as 0.2 mm. The 
predicted stress-strain curves of the masonry are presented in Figure 14. The large 
difference could be observed in the curves with and without progressive stiffening 
model. The curves with progressive stiffening model represent the behaviour similar to 
those reported in the literature as shown in the model validation for dry stack masonry 
in the Section 6.2. In addition, the peak stress is larger and is attained at an earlier stage 
if the progressive stiffening model is not included, while dry stack masonry has been 
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shown to attain the peak stress at relatively larger strains. The strength is conservative 
which could be seen from the curves with progressive stiffening model included. The 
reason is the consideration of additional energy release because of interstices crushing 
in the interface. Experimental studies have shown that masonry prism strength is always 
less than the unit strength and model with progressive stiffening predicted the similar 
behaviour. Thus, without progressive stiffening model, exact behaviour and strength of 
dry stack masonry cannot be determined. 
7.2 Sensitivity for mortared masonry 
Masonry stress-strain curves predicted with and without the progressive stiffening 
behaviour of combined mortar - interfaces was examined for three cases of traditional 
masonry. Unit strengths (𝑓𝑢𝑐) were chosen as 5 MPa, 10 MPa and 20 MPa; mortar joint 
thickness was kept as 10 mm and the mortar strength was kept as 5 MPa. The predicted 
stress-strain curves of the masonry are presented in Figure 15. It can be seen that the 
masonry strength increases with increase in masonry unit strength similar to the 
observations in literature (McNary and Abrams, 1985; Ramamurthy et al., 2000). The 
progressive stiffening model shows its effectiveness only up to prescribed threshold 
strain. It can therefore be concluded that the effectiveness of the progressive stiffness 
characteristics for the combined mortar and unit-mortar interfaces for the traditional 
mortared masonry is not significant. 
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8.  Conclusions 
A damage model has been presented for compressive response of masonry based on the 
principles of damage mechanics with limiting surfaces. Additionally, a nonlinear 
progressive stiffening model has been embedded to simulate the nonlinear behaviour of 
combined mortar - interfaces (mortared masonry) or dry interfaces (drystack masonry) 
until a threshold strain. The progressive stiffening model has the potential to represent 
the behaviour of mortar joints and the interfaces with the novel decreasing interstices 
concept. The progressive stiffening model is shown to be effective for predicting the 
behaviour of drystack masonry and the traditional mortared masonry as shown in the 
numerical examples in Section 7.  
Damage mechanics principles combined with limiting damage surfaces at the 
constituents’ level were found to be effective in predicting the overall stress-strain 
behaviour of masonry composite with accurate strength and post peak behaviour. The 
average masonry strength predicted from the model is found to be conservative in 
comparison to the experimental results which hence the model presented in this paper 
can be used reliably and economically for computing the average compressive strength 
of masonry of various kinds (mortared or drystack made of hollow/full concrete blocks 
and clay bricks with cement-lime or polymer added mortars) for structural design. The 
model is now extended to a three constituent grouted masonry. 
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List of notations 
𝐴                 𝐶𝑟𝑜𝑠𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝐴𝑟𝑒𝑎              
𝐴𝐷               𝐷𝑎𝑚𝑎𝑔𝑒 𝑎𝑟𝑒𝑎                         
𝑎, 𝑏              𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟                                                           
𝐶1                𝑆𝑡𝑟𝑒𝑠𝑠 𝑠𝑐𝑎𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟                                                               
𝐶2                𝑃𝑜𝑤𝑒𝑟 𝑓𝑜𝑟 𝑠ℎ𝑜𝑢𝑙𝑑𝑒𝑟 𝑝𝑟𝑜𝑚𝑖𝑛𝑎𝑛𝑐𝑒 𝑖𝑛 𝑠𝑝𝑜𝑛𝑔𝑒 𝑚𝑜𝑑𝑒𝑙 
𝐶3               𝐷𝑒𝑛𝑠𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 𝑜𝑓 𝑠𝑝𝑜𝑛𝑔𝑒                                    
𝐷                 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥                                                             
?̃?                 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥         
?̃?                 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑚𝑜𝑑𝑢𝑙𝑢𝑠                                     
𝐸                 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑀𝑜𝑑𝑢𝑙𝑢𝑠     
𝐸𝑜               𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑚𝑜𝑑𝑢𝑙𝑢𝑠     
𝐸𝑢𝑜             𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑢𝑛𝑖𝑡𝑠                    
𝐸𝑚𝑜            𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑚𝑜𝑟𝑡𝑎𝑟                   
𝑒3               𝑀𝑖𝑛𝑜𝑟 𝑑𝑒𝑣𝑖𝑎𝑡𝑜𝑟𝑖𝑐 𝑠𝑡𝑟𝑎𝑖𝑛   
𝐹                𝐹𝑖𝑛𝑎𝑙 𝑑𝑎𝑚𝑎𝑔𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒          
𝑓                𝐿𝑜𝑎𝑑𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑜𝑓𝑡𝑒𝑛𝑖𝑛𝑔                     
𝑓𝑜               𝐷𝑎𝑚𝑎𝑔𝑒 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒        
𝑓𝑐                  𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ        
𝑓𝑠                 𝐿𝑜𝑎𝑑𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑓𝑜𝑟 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑖𝑛𝑔 
𝑓𝑡                 𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ         
𝑓𝑚𝑐             𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑚𝑜𝑟𝑡𝑎𝑟                   
𝑓𝑚𝑡             𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑚𝑜𝑟𝑡𝑎𝑟          
𝑓𝑢𝑐              𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ   𝑜𝑓 𝑢𝑛𝑖𝑡𝑠          
𝑓𝑢𝑡               𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ  𝑜𝑓 𝑢𝑛𝑖𝑡𝑠                              
𝐻                𝐷𝑎𝑚𝑎𝑔𝑒 𝑚𝑜𝑑𝑢𝑙𝑢𝑠                                                                     
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𝐼1               𝐹𝑖𝑟𝑠𝑡 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡                                              
𝐼𝐼𝑁𝐶𝑆       𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑠      
𝐼𝑛𝑠𝑚𝑎𝑥      𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑟𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓𝑖𝑛𝑠𝑡𝑒𝑟𝑠𝑡𝑖𝑐𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒           
𝐽2                𝑆𝑒𝑐𝑜𝑛𝑑 𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡 𝑜𝑓 𝑑𝑒𝑣𝑖𝑎𝑡𝑜𝑟𝑖𝑐 𝑠𝑡𝑟𝑎𝑖𝑛𝑠       
𝑘                𝑅𝑎𝑡𝑖𝑜 𝑜𝑓  𝑅𝑐 𝑎𝑛𝑑 𝑏 
𝐾                𝐷𝑎𝑚𝑎𝑔𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑢𝑠𝑒𝑑 𝑖𝑛 𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝑠𝑢𝑟𝑓𝑎𝑐𝑒𝑠 
𝑅𝑖               𝐸𝑛𝑒𝑟𝑔𝑦 𝑟𝑒𝑙𝑒𝑎𝑠𝑒 𝑟𝑎𝑡𝑒                                           
𝑅𝑅              𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑒𝑛𝑒𝑟𝑔𝑦 𝑟𝑒𝑙𝑒𝑎𝑠𝑒 𝑟𝑎𝑡𝑒   
𝑅𝑜               𝐸𝑛𝑒𝑟𝑔𝑦 𝑟𝑒𝑙𝑒𝑎𝑠𝑒 𝑟𝑎𝑡𝑒 𝑎𝑡 𝑑𝑎𝑚𝑎𝑔𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛     
𝑅𝑐               𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑟𝑒𝑙𝑒𝑎𝑠𝑒 𝑟𝑎𝑡𝑒                                       
𝛼                 𝐷𝑎𝑚𝑎𝑔𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑓𝑜𝑟 𝑡𝑒𝑛𝑠𝑖𝑜𝑛          
𝛽                 𝐷𝑎𝑚𝑎𝑔𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑓𝑜𝑟 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛                           
𝛽𝑐               𝑉𝑎𝑙𝑢𝑒 𝑜𝑓 𝛽 𝑓𝑜𝑟 𝑢𝑛𝑖𝑎𝑥𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛          
?̅?                𝑉𝑎𝑙𝑢𝑒 𝑜𝑓 𝛼 𝑓𝑜𝑟 𝑝𝑎𝑡ℎ 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 𝑠𝑡𝑎𝑡𝑒  (𝑢𝑛𝑖𝑎𝑥𝑖𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠)       
?̅?                𝑉𝑎𝑙𝑢𝑒 𝑜𝑓 𝛽 𝑓𝑜𝑟 𝑝𝑎𝑡ℎ 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 𝑠𝑡𝑎𝑡𝑒  (𝑢𝑛𝑖𝑎𝑥𝑖𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠)                  
𝛼𝑖               𝑉𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝛼 𝑓𝑜𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑡𝑖𝑜𝑠  (𝑖 = 0,1,2,3)                  
𝛽𝑖               𝑉𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝛽 𝑓𝑜𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑡𝑖𝑜𝑠  (𝑖 = 0,1,2,3)                  
𝛼𝑖𝑗              𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑓𝑜𝑟  𝛼𝑖  (𝑖 = 0,1,2,3)    (𝑗 = 1,2,3,4)              
𝛽𝑖𝑗              𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑓𝑜𝑟 𝛽𝑖   (𝑖 = 0,1,2,3)     (𝑗 = 1,2,3,4)              
𝛾                 𝐷𝑎𝑚𝑎𝑔𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑓𝑜𝑟 𝑣𝑜𝑙𝑢𝑚𝑒𝑡𝑟𝑖𝑐 𝑐ℎ𝑎𝑛𝑔𝑒          
𝜀 ̃                𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑡𝑟𝑎𝑖𝑛                                                                   
𝜀                 𝑆𝑡𝑟𝑎𝑖𝑛                                                                                                     
𝜀3                𝑀𝑖𝑛𝑜𝑟 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑠𝑡𝑟𝑎𝑖𝑛                                              
𝜎 ̃                𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑠𝑠   
𝜎                 𝑆𝑡𝑟𝑒𝑠𝑠             
𝜈                  𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑟𝑎𝑡𝑖𝑜          
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𝜈𝑚               𝑃𝑜𝑖𝑠𝑠𝑜𝑛
′𝑠 𝑟𝑎𝑡𝑖𝑜 𝑜𝑓 𝑚𝑜𝑟𝑡𝑎𝑟                   
𝜈𝑢                𝑃𝑜𝑖𝑠𝑠𝑜𝑛
′𝑠 𝑟𝑎𝑡𝑖𝑜 𝑜𝑓 𝑢𝑛𝑖𝑡𝑠                  
𝜌                  𝑚𝑎𝑠𝑠 𝑑𝑒𝑛𝑠𝑖𝑡𝑦   
𝑑𝜆                ℎ𝑎𝑟𝑑𝑒𝑛𝑖𝑛𝑔 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟                                                   
𝛿                  𝑁𝑜𝑟𝑚𝑎𝑙𝑖𝑠𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑎𝑛𝑑 𝑓𝑖𝑛𝑎𝑙 𝑑𝑎𝑚𝑎𝑔𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒𝑠                                          
𝛿𝑖𝑛              𝑁𝑜𝑟𝑚𝑎𝑙𝑖𝑠𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑛𝑑 𝑓𝑖𝑛𝑎𝑙 𝑑𝑎𝑚𝑎𝑔𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒𝑠  
𝛬                 𝑆𝑡𝑟𝑎𝑖𝑛 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑑𝑎𝑚𝑎𝑔𝑒𝑑 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙                    
𝜔𝑖               𝐷𝑎𝑚𝑎𝑔𝑒 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑎𝑙𝑜𝑛𝑔 𝑖 𝑎𝑥𝑖𝑠                 
𝑑𝜔𝑖            𝐷𝑎𝑚𝑎𝑔𝑒 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 
𝜔𝑝̅̅ ̅̅               𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒𝑑 𝑑𝑎𝑚𝑎𝑔𝑒     
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Appendix A 
• α, β and γ for Uniaxial Tension of Units: 
{
𝛼 =  571.2055 − 2.5707E01 × 𝑓𝑢𝑡 − 5.7205E − 03 × 𝐸𝑢𝑜 + 7.9709E − 04 × 𝑓𝑢𝑡 × 𝐸𝑢𝑜
𝛽 = 0.0
𝛾 = 0.0
           
• α, β and γ for Biaxial Tension-Compression of Units: 
{
 
 
 
 
𝛼𝑜 =  3823.8971 − 1.8966E + 02 × 𝑓𝑢𝑡 − 4.2275E − 03 × 𝐸𝑢𝑜 + 4.3804E − 03 × 𝑓𝑢𝑡 × 𝐸𝑢𝑜
𝛼1 = −948.5766 + 4.6948E + 01 × 𝑓𝑢𝑡 + 5.8668E − 04 × 𝐸𝑢𝑜 − 1.0746E − 03 × 𝑓𝑢𝑡 × 𝐸𝑢𝑜
𝛼2 = −4274.0650 + 2.1201E + 02 × 𝑓𝑢𝑡 + 5.3299E − 03 × 𝐸𝑢𝑜 − 4.9096E − 03 × 𝑓𝑢𝑡 × 𝐸𝑢𝑜
𝛼3 = 0.0
𝛽 = 22.38277 − 1.1243E + 00 × 𝑓𝑢𝑐 − 2.0269E − 05 × 𝐸𝑢𝑜 + 2.7047E − 05 × 𝑓𝑢𝑐 × 𝐸𝑢𝑜
𝛾 = 0.0
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• α, β and γ for Uniaxial Compression of Units:      
{
𝛼 =  0.0
𝛽 = 22.38277 − 1.1243E + 00 × 𝑓𝑢𝑐 − 2.0269E − 05 × 𝐸𝑢𝑜 + 2.7047E − 05 × 𝑓𝑢𝑐 × 𝐸𝑢𝑜
𝛾 = 44.9646 − 1.6062E + 00 × 𝑓𝑢𝑐 − 8.0234E − 04 × 𝐸𝑢𝑜 + 5.0605E − 05 × 𝑓𝑢𝑐 × 𝐸𝑢𝑜
     
• α, β and γ for Uniaxial Tension of Mortar: 
{
𝛼 =  657.9276 − 5.0306E + 01 × 𝑓𝑚𝑡 − 1.0092E − 02 × 𝐸𝑚𝑜 + 2.2698𝐸 − 03 × 𝑓𝑚𝑡 × 𝐸𝑚𝑜
𝛽 = 0.0
𝛾 = 0.0
      
• α, β and γ for Uniaxial and Triaxial Compression of Mortar:    
{
 
 
 
 
𝛼 =  0.0
𝛽0 =  144.8253 − 1.1832E + 01 × 𝑓𝑚𝑐 − 3.2861E − 03 × 𝐸𝑚𝑜 + 5.7205E − 04 × 𝑓𝑚𝑐 × 𝐸𝑚𝑜
𝛽1 = −190.8294 + 1.5589E + 01 × 𝑓𝑚𝑐 + 4.3419E − 03 × 𝐸𝑚𝑜 − 7.5363E − 04 × 𝑓𝑚𝑐 × 𝐸𝑚𝑜
𝛽2 = 0.0
𝛽3 = 0.0
𝛾 = 48.2905 − 9.0907E − 01 × 𝑓𝑚𝑐 − 3.6273E − 03 × 𝐸𝑚𝑜 + 1.0596E − 04 × 𝑓𝑚𝑐 × 𝐸𝑚𝑜
  
 
 
Appendix B 
The computational steps are marked in Figure 7 in alphabetical order; the same are 
described as follows: 
a- Input parameters for this code are the uniaxial compressive strength, elasticity 
modulus, Poisson’s ratio of the units and mortar, thickness of mortar joint, 
height and net and bedded area of units, initial specified interstices value for the 
mortar and number of increments.  
b- The stress ratios for units and mortar are set according to the thickness of the 
joints as already shown in Table 2.  
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c- All the variables are initialised as zero in the beginning. 
d- Normalised strain invariants (I1/3) and (J’2/e3
2
) are found for the set stress ratios 
and input properties using Eq. (B1) and Eq. (B2). 
𝐼1
𝜀3
=
𝜀1+𝜀2+𝜀3
𝜀3
  (B1) 
𝐽2
′
𝑒3
2 =
1
2
𝑒1
2+𝑒2
2+𝑒3
2
𝑒3
2   (B2) 
Where,                 𝑒1 =
2𝜀1−𝜀2−𝜀3
3
, 𝑒2 =
2𝜀2−𝜀1−𝜀3
3
 , 𝑒3 =
2𝜀3−𝜀1−𝜀2
3
       (B3) 
e- The parameters α, β, γ, Ro and Rc are determined for masonry components (unit 
and mortar) for given material properties and normalised strain invariants using 
the proposed combinations.  
f- At each strain increment, in a loop step by step computations were performed for 
masonry units and combined mortar and unit-mortar interfaces in another sub 
loop.  
g- The damage stiffness matrix is computed using Eq. (6).  The derivative of 
stiffness matrix is also found to compute energy release rate vector. 
h- The energy release rates in each principal direction 1 for compression 
(progressive stiffening) and 2 & 3 for tension (progressive softening) are 
calculated and their resultant is found as the energy release vector. 
j- Decision statement 1: the resultant energy release vector is then compared with 
Ro (only for progressive softening model). 
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k- In the progressive softening model where the value of energy release rate 
exceeded the value of Ro, the damage increment is computed. Whereas, the 
damage due to asperities crushing is found for progressive stiffening model. 
m- If the resultant energy release rate is under the value of Ro, the damage 
increment is zero in the progressive softening model. 
n- Decision statement 2: If the material loop (designated by k) is on mortar layer 
(k=2) and strain is less than or equal to the threshold strain, the code is jumped 
to step q. 
p. The stresses are found using the damage matrix for the given strain increment. 
q. The stress in mortar and unit-mortar interface is found for progressive stiffening 
behaviour for that strain increment. 
r. The stresses of unit and mortar are averaged for each strain increment to find 
average stress in masonry composite. 
s. Decision statement 3: Increment number is checked and the energy release 
vector is compared with critical energy release rate Rc. The process is looped 
over the given number of increments or until the critical energy release rate is 
reached. 
The output files are generated in the form of excel sheets depicting strains increments, 
corresponding stresses in units and mortar separately and the average stress of the 
masonry prisms. 
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Figure 1. Schematic representation of the compressive stress-strain response of the 
constituents of masonry (a) units (b) unit-mortar interface (for conventional mortared 
masonry) and dry surface-interface (for dry stack masonry) 
 
 
 
 
 
 
 
Figure 2. Conceptual damage evolution and interstices reduction (a) Damage variation 
with strain in progressive stiffening and softening models (b) Reduction of interstices in 
the interface during progressive stiffening 
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Figure 3. Schematic representation of the masonry composite behaviour under uniaxial 
compression (a) mortared masonry (b) drystack masonry 
 
 
 
Figure 4. Conceptual representation of the limiting surfaces for damage evolution in 
progressive softening model 
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Figure 5. Schematic representation of the damage evolution in progressive stiffening 
model 
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Figure 6. Two phase regression process for the masonry constituents 
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Figure 7. Computational algorithm for predicting the average strength of masonry 
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Figure 8. Comparison of model with experiments of conventional (10mm thick) 
mortared masonry by Thamboo et al. (2013) 
 
 
Figure 9. Comparison of model with experiments of thin (2mm thick) layer polymer 
mortared masonry by Thamboo et al (2013) 
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Figure 10. Comparison of model with experiments of Barbosa et al. (2010) 
 
Figure 11. Comparison of model with experiments of Mohamad et al. (2007) 
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Figure 12. Comparison with experimental results of Jaafar et al. (2006) 
 
Figure 13. Comparison with experimental results of Andreev et al. (2012)  
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Figure 14. Sensitivity of progressive stiffening model for dry stack masonry 
(comparison with and without progressive stiffening model) 
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Figure 15. Sensitivity of progressive stiffening model for mortared masonry 
(comparison with and without progressive stiffening model) 
